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INCOME MOBILITY

¥ Suppose we have a cohort of 10,000 people living in Sweden and a second cohort of 10,000 people living in the USA.

¥ Suppose that we were to determine the average monthly income of people in both cohorts in both 2010 and 2015.

Sweden USA
Income in 2010 | Income in 2015 Income in 2010 | Income in 2015
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¥ There are two types of model used to measure income mobility:
1.! Elasticity Models.
2.! Transition Matrix Models.
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Income at t

ELASTICITY MODELS

¥ Assume that there is a (log) linear relationship between income at t=1 and t=2 and perform a regression.
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¥) lis an elasticity measuring the average percentage change in "#)#$&A)&'$%ﬁltl@8ﬁ%ﬂ@@%%ﬁ%ﬁ%%zm—%)#$&/o( +

¥ The greater) is the greater the association between the income of an individual at t=1 and t=2 and the lower the level of mobility.

Sweden USA @@m
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Income at t=1 Incomeatt=1
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ELASTICITY MODELS

Problem 1- Subgroups

¥ Elasticity models cannot be used to compare mobility levels between subgroups of the population relative to the
population as a whole.

Example Cohort Exhibiting Severe Stickiness at the Ends

¥ People at the extremes of the income 476070¢
distribution typically exhibit lower
levels of mobility than people in the

middle of the distribution. ALe270:

416970¢

¥ This phenomenon is referred to as S
stickiness at the ends. 5
<< 416:704
®
-
i
¥ Elasticity models can mask 416/70¢
considerable differences in mobility -
between subgroups. L1070 o
Strong association
XiLow Mobility
4270¢

4700¢ 4900¢ 4;00¢ 4200¢ 4500¢ 416000¢ 416100¢# 416/00¢ 416800¢ 416:00¢ 416700¢
(=>?@ACHHK 1¢
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ELASTICITY MODELS

Problem 2 - Parametric

¥ Elasticity models assume that the relationship between "#Z$%& and "#$%o( 'is (log) linear.

¥ Often this is simply not the case.

12

11

¥ In such circumstances, one can question whether calculated
elasticities are an appropriate measure of mobility.

10

Example Cohort Exhibiting Non-linearity & Heteroscedasticity

4/6070¢

416270¢

oo ed aneoe o o

416970¢

Logged incomes of participants at age 32
9

416:70¢

>? @AIGHIHK/#

° . Non-linearity &
1L 4287708 _ . i® heteroscedasticity.
e Residuals not i.i.d?

I 416070

I I I I
7 8 9 10

Logged incomes of fathers when participants 13 and 15 (average)

— Bestfitline ® Incomes of participants 4270¢

4700¢ 4900¢ 4;00¢ 4200¢ 4500¢  416000¢ 41§100: 416/00¢ 416800¢ 416:00¢ 416700¢

: : G =>? @AIGHHK 1#
Intergenerational Economic Mobility in New Zealand: =2

Gibbons 2008 [1]
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TRANSITION MATRIX MODELS

¥ Rank individuals into k groups at t=1 and t=2 based on their income. By calculating the relative frequency of transition between groups we
derive a transition matrix.

2015
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00L/:¢  O)18/¢  O01:7¢  O\12¢  OQ1/:¢  OQ108t  0)028  00;z¢  00097¢ 0008/
0)18/¢  O)L//¢  O0111f¥  0)100¢  OQ11;¢  0Q052  O0)L00¢  000;5¢  000;8 00092
0)182¢  0(05/¢  0010/¢ 00058t  0Q059¢  0Q027¢  0)10:¢  00025¢  00050¢  0Q111¢
0)180¢  00059¢  000;2¢  0005;¢  0Q055¢  0Q057¢  0)050¢  0(025¢  00055¢  O)1/:#
00;:¢  000;2¢  00058¢  O)117¢  0Q05/¢  0Q028  0005;¢  O(11:¢  011l;¢  O)18:¢
00085¢  00098¢  000;:¢ 00029 00029t  OQL/7¢  O)110¢ 0171  O)1/5¢  O)18:¢
0018  000/5¢  000:5¢  0002:¢  0005:¢  OQ1/2¢  0)182¢  O0l:;¢  0197¢  O)178¢
00008t  0(009¢  0(01;¢ 00082 0075t  OQ10/¢  O)L:7¢  O012:¢  OW//2¢  0)/12¢

2010

(=]
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TRANSITION MATRIX MODELS

¥ Rank individuals into k groups at t=1 and t=2 based on their income. By calculating the relative frequency of transition between groups we

2010

derive a transition matrix.

2015
| UsA |
00/09  01/87¢  OQ1;;¢  O01:/¢4  0010:¢
BER ow:-u ooL:;¢ opL7d OL/;¢ 001/
BER o/:¢ o8/t 00Lz7E 00112 O)L/:H
B ouss:  oi1//¢ 0111 001006 0011k
B o182 0p05/¢  0010/¢ 00058 00059
B oiso: 00059¢  0Q0;2¢ 0Q05;¢ 00055
000;:¢  000;2¢ 00058t  00117¢ 0005/
B o085t 00098 0Q0;:¢ 00029 00029
B opis:  0jo/5¢ 000:5¢  0002:f  0005:f
00008¢  00009¢  0Q01;¢  00082¢  0)075¢
Subgroups

Probability of Inertia = Probability an individual is in the

same group at t=1 and t=2.

Calculating the probability of inertia shows differences in
mobility levels between individuals in different subgroups
of the income distribution.

0(0; 1¢
00110
00108t
0052
000274
0Q057¢
00028t
00L/7¢
001724
010/

0(0: 0
0058t
0028t
00100
0Q10:#
0050
005;¢
00110
00182
0)1: 74

=ADIG#

, D?OGOFIFHY#2B#(

0001:4
000754
000; -#
000; 5¢
00025¢
00025
0011:#
00171#
001: ;¢
0012:4

0/ 7¢
00/0¢
0017¢
0010
0007

0000¢

0000;#
000/ ;#
000974
000; 8t
00050t
000554
0011 ;4
001/5t
001974
00//2¢

31

1/ g 8 J - | 7 | 9 | ; | 2 | 5 | 10

0000:#
00018t
000874
00092
00111
001/ ;4
0018;#
0018;#
00178¢
00/12¢

Advantages

Non-parametric

No assumptions on the nature of the
relationship between " #E%& and "

#S8o( "

, 0?0GOFHIFHY#?B#(=AD I G#

3/t 38t 3: 37 39 35 32¢ 35¢ 10¢

3ASHIA:
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TRANSITION MATRIX MODELS

Problem 1 - Lack of a Summary Measure

¥ Given two transition matrices....

[
(=]

iSweden

[N
o

1/ g 8 J - | 7 | 9 | ; | 2 | 5 | 10

00/09¢
001:1¢
001/ :#
0018/%
001824
00180¢
000; -¢
00085¢
00018t
00008t

00/87#
001: ;¢
001874
001/7/%
0)005/4
000594
000; 24
0Qo98t
0Q0/5¢#
00009t

001; ;¢
0017:4
001:-7#
001121
0010/4
000;2¢
0)058t#
000; -¢
000:-5¢
0001;¢#

001:/¢
001/ ;¢
00112t
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00058t
0005;#
00117
00029¢
0002:#
00082

0Q10:#
0)1/5¢
001/
0Q11;#
00059¢
0055¢
0Q05/¢
00029¢
005:¢
0Q075¢

00; 1¢
0Q110¢
0108¢
00052¢
00027+
0Q057¢
00028¢
0QL/7¢
0Q1/2¢
0010/¢

0(0: 0¢
0058¢
00028¢
00100¢
0Q10:#
00050¢
005;¢
0Q110¢
00182t
0QL: 7t

0Q01:#
00075¢
000; -¢
000; 5¢
0025
00025¢
0011:#
00171#
0Q1:;¢
0012:#

0000;#
000/ ;¢
000974
000; 8t
00050t
000554
0011 ;¢
001/5¢
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00//2¢
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00018¢
000874
00092¢
00111
001/ ;¢
0018;¢#
0018;#
00178t
00/12¢

... which one
represents the
greater level of
overall mobility?

1/ .8 J - | 7 | 9 | ; | 2 | 5 | 10

00120¢
00189¢
0115¢
0010/¢
0055¢
0002;¢
00057+
0002/¢
0009/¢
00082t

01/8¢
0Q1/5¢
001/0¢
0Q11/¢
00110¢
00058¢
00025¢
0002:¢
00092+
00; /¢

001054
001/ :4
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00115¢
00109
0010/4
0002;#
0002/
000; ;¢
00029¢
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00027¢
0Q11/¢
005:¢
00100¢
0Q105¢
00058t
0Q111¢
00051
0055¢

0)059¢
0Q1/0¢
00059t
00050¢
0Q051¢
0Q057¢
00107+
00100¢
00109¢
00101

00119¢
0Q05:¢
00059t
0Q11/¢
0055¢
005/¢
005;¢
0Q057¢
00110¢
00025¢

00;5¢
00051
0010/¢
0Q057¢
00101¢
0Q052¢
00107+
0105¢
0Q11;¢
00108¢

00022t
00; 8¢
0Q055¢
00102t
00100¢
00117
0Q10;#
00109¢
0005:¢
0Q110¢

00079¢
00; 8¢
0002/¢
00028¢
00057¢
00109¢
oQ118¢
0Q115¢
0018/¢
0Q1: 1¢

000: ;¢
000;7¢
00099t
000274
000554
00108t
001054
0011/
001-8¢
00191¢

Have to analyze each
group individually!
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TRANSITION MATRIX MODELS

Problem 2 - Disaggregate Nature
¥ Different transition matrices (of different dimensions) will be produced depending on whether individuals are ranked
into quartiles, quintiles, deciles, percentiles etc.

¥ In general best to rank individuals into as many groups as possible to capture the greatest amount of movement, i.e.
use high dimensional matrices.

¥ However, lack of a summary measure means analyzing mobility in each group separately is an onerous task.

2X2 Matrix

| usA |1 | 2 |

00991¢ 0882

00885 0991 10x10 Matrix
| usA | 2 | 2 | 3 [ 4 | 5 | 6 [ 7 | 8 | 9 [ 10 |
. B oo o8 OQl;;¢ O)L:/¢ 0010:#  000;1¢  0Q0:O¢  0Q01:f  0Q00;¢  0(00:f
5X> Matrix B o1 op:; ou7i O|/;  O[/5%  O[110¢  0j058  0)075¢  00/3¢  0(018t
1 | 2 | 3 | a4 | 5 | BE o/:¢ o8/t opL:7 00112 O0L/:# 00108¢ 00028t  0Q0;:¢  0Q097¢  0(08/#
0082/t 00809  O(15/¢  0005:¢  0)0/9 B oisse  o0//¢ 0111t 0)100¢  O011;¢  00052¢  0Q100¢  0Q0;5¢  0Q0;8 00092
0/90:  0)/89¢  00158¢  OW27:  OQ/;t B ois2r 0i05/¢ 001076 0Q058¢  0(059¢  0Q027¢  0)10:#  0)025¢  0Q050¢  00111f
oV/1:  O[12:¢  OW2:¢  OW27t  OW//2 B o180: 00059 0Q0;2¢  0)05;¢  0(055¢  0(057¢  0Q050¢  0Q025¢  0Q055¢  O)L/;#
00115 00192t  O///¢  OW/8;  O)/7T 000;:¢  0(0;2¢  0Q058f  00117¢ 005/t  0Q028¢  0005;¢  OQ11:¢  OQ11;¢  0018;k
000/7¢ 00108  0/0;¢  0)800¢ 0897 B o085 00098t 0Q0;:¢ 00029  0029%¢  01/7¢  O)110¢  OQ171¢  OQL/5¢  O)18;¢
B oo1s:  00/5¢  0Q0:5¢  0Q02:¢  0(05:f  OQ1/2¢  O)182¢  O)L:;  OQ197¢ 00178
00008¢ 00009  0(01;¢  00082¢  0Q075¢  0Q10/¢  O01:7¢  OW2:¢  O//2¢  O)/12%
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TRANSITION MATRIX MODELS

Our aim is to derive a summary measure of mobility from a transition matrix which:
1.! Condenses all of the information therein into a single real number,
contained in the interval [0,1), describing the overall level of mobility.

2.! Is applicable to high dimensional matrices.
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ASSUMPTION

In order to derive our summary measure of mobility we make the following
assumption:

The movement of individuals between groups will continue to
evolve according to the probabilities described within the
transition matrix.

2015
-nnnﬂn-nﬂ-
Wl 009 08T O)L:/¢ 00103 O[0;1¢ 000:0+ 001 0J00;F 0)00:é

OQ1:1¢ O01::H 0017.# 0)1/;¢ O00L/5¢ O)110¢ 0Q058¢ 00075 000/;¢ 00018
O)1/:¢ 0018/¢ O)1:7¢ OQ112¢ O)L/:¢ 0)108¢ 00028t 00;:¢ 00097¢ 0008/
0018/t O0L//¢ O)111¢¥ OQ100¢ O0011;¢ 00052¢ 0Q100¢ 000;5¢ 000;8¢ 00092
00182 0005/¢ O0)10/¢ 0Q058 00059¢ 00027¢ 0Q10:¢ 00025¢ 00050¢ O0Q111¢
00180# 00059t 000;2¢ 0j05;¢ 0Q055¢ 00057¢ 0)050¢ 00025¢ 0)055¢ O(1/;#
0;:¢ 000;2¢ 00058¢ OQ117¢ 005/¢ 00028¢ 0Q05:¢ O)11:¢ 0011;¢ O0Q18;¢
!
!
0

The future evolution of individuals between groups can be
modelled according to the Markov chain defined by the
observed transition matrix.

O

0085# 00098 000;:¢ 00029 00029 O0)L/7¢ O0(110¢ O0Q171¢ O)L/5¢ 0018;#
0018 000/5¢ 000:5¢ 0Q02:¢ 005:¢ O)1/2¢ O0Q182¢ O)l:;¢ 00197¢ O0Q178¢
00008t 00009 0001;¢ 0Q082¢ 00075¢ 0)10/¢ OQ1:7¢ O)12:¢ 00//2¢ 00/12¢

2010

The individuals described by the transition matrix are engaged
in a random walk along the directed, weighted graph defined
by the transition matrix.
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ASSUMPTION

This is a BIG assumption...

1.'Treats all individuals within each group as homogenous.

2.!Assumes that the movement of individuals between groups is memoryless, i.e. is not affected
by their previous positions in the income distribution.
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ASSUMPTION

This is a BIG assumption...

1.'Treats all individuals within each group as homogenous.

2.!Assumes that the movement of individuals between groups is memoryless, i.e. is not affected
by their previous positions in the income distribution.

This is a BIG assumption... but ...

12

1.'We are applying the same assumption to both cohorts.

11

10

2.!The greater the number of groups (the higher the dimension of the matrix)
the more homogenous individuals within the same group are likely to be.

8

3.!The assumption is no more or less valid than the assumption the
relationship between income at t=1 and t=2 is log linear.

Logged incomes of participants at age 32
9
|

7

4.1Could apply technique to other forms of mobility (wealth, earnings, 7 ' ‘

|
8 9 10 11

SOCIo_economlc) Where thIS aSSLImptIOI’] |S more Valld. Logged incomes of fathers when participants 13 and 15 (average)

— Bestfitline ~ ® Incomes of participants
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N-STEP TRANSITION PROBABILITIES

¥ Given that we have assumed that the movement of individuals between groups will continue to evolve according to the probabilities
described within the transition matrix, what is the probability that an individual moves from group i to group j

n I
IV F=#78Y AGDE# K 1 sHDG=EF I ?7=¢ P $ %/*("' #
1) I
I'l F=#10#YAGDE##K##/tHDG=EF 1 ?7=E i, $ %/*&'I'#
Il F=#1 74YAGDE##K#8HDG=FF | ?=F #", $%/*,+¥. ;The well known Kolmogorov-Chapman equation states that:
7= —DC=Fr L D= " * O+ *&+1%11 2% (/34" $9821- ", M5 &6,
e TR R e ooty D Y+ OFF 5% (/34759621 ".52% 5%
10¢
5
2 ie. PR *&+ is equal to the (i,j)t" element of the matrix P raised to the
4 power of 2.
o
Tt ¥ By induction...
8 "%/ * 0+1%\M 2%(/34". $9&/*0.(+ - ".$ZBNNI'5" /06 8%
/¢
1
(04 17} /]
HK 1 HK /% HK8# ie. "%/ *0O+ is equal to the (i,j)th element of the matrix P raised to the
power of n.

¥ The probability that an individual goes from group i to group j in n transitions is equal to the i,jtr element of the matrix P".
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LIMITING BEHAVIOR

¥ What happens to " %/ * O+ as n becomes very large?

¥ If the transition matrix is ergodic, doubly stochastic and diagonalizable then " $%/* 0+ (' 73"as O/0  where k is the number of

groups.

(=]

o+ 2 | 3 ] 4 | 5 | 6 | 7 | 8 | 9 | 10

00/09¢
001:-1#
001/ ¢
001874
001824
00180¢
000; -#
00085¢
0go18¢
00008t

00/87¢
001: ;¢
001874
001/7/%
000574
00059t
000;2¢
00098t
000/5¢
00009t

001; ;4
0017 -#
001:-74
001114
0010/%
000; 2¢
00058t
000; -#
000:5¢4
0001 ;¢

00L: /¢
001/ ;4
00112+
00100t
00058¢
0005;¢
001174
00029
0002:4
00082t

0010:¢
001/5¢
001/:4
0011 ;¢
00059¢
00055¢
000574
00029t
0005:#
00075¢

0(0; 1#
00110
00108t
0052
000274
00574
0028t
01/7¢
001724
010/

000:0#
00058t
00028t
00100¢
0010:¢#
00050¢
0005;#
00110
001824
0Q1:-74

0001:4
000754
000; -#
000; 5¢
000254
00025¢
0011:4
00171#
001: ;4
0012 ¢

000
000/;#
000974
0(0; 8
0050
0055t
0011 ;4
0)1/5t
01974
00//2t

0000:#
0Q018t
0008/4
000924
001114
001/ ;4
0018;4
0018;#
00178t
00/12¢
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LIMITING BEHAVIOR

¥ What happens to " %/ * O+ as n becomes very large?

¥ If the transition matrix is ergodic, doubly stochastic and diagonalizable then " $%/* 0+ (' 73"as O/0  where k is the number of
groups.

" usa [ 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9 | 10 |
00/09¢  00/87¢  001;;¢  001:/¢  0010:¢  000;1¢  000:0¢  0001:¢f  0000;¢  0000:¢
B R ARCERETIER, o | ofe o | oot oporoosn ¥ Ergodic f there exists some 28 1
o - - ?- n * I I
B ous/:  oL//+ 01l O)100¢  OQLl;¢ 00052 OQL0O¢  0Q0;5¢  00038¢ 00092 so that ", S/ * 2+'23 for all %!8
B opis2 0p05/¢4 001074 0Q058¢  00059¢  0Q027¢  0010:¢  0(025¢  0Q050¢  0)111¢ 4.
B o180¢ 00059t 000;2¢  0(05;¢  00055¢  00057¢  0j050¢  0Q025¢  0Q055¢  OQ1/;¢ ¥ Th _ babil ¢
00;:¢  000;2¢  0(058¢  O)117¢  0Q05/¢  0Q028  0(05:¢  O0(11:¢  O011;¢  OQ18:¢ + I'here Is a non-zero probability o
- ’ reaching any group from any other
B opsst 00098t 000;:¢ 00029¢  00029¢  001/7¢  O)110¢  OQ171#  OQL/5¢  0Q18;¢ group in exactly s transition.
B op1s:  00/5¢  000:5¢ 0Q02:¢  0005:f  OQL/2¢  OQ182¢  O0l:;¢  OQ197¢  O)178¢
00008: 00009  0Q01;¢ 00082  0Q075¢  0010/¢  O01:7¢  Opl2:¢  OW//2¢  00/12% ¥ All real world transition matrices are
ergodic.
i 1# 10000¢
A 0):87¢ 0:87¢
¥ Largest eigenvalue of matrix is equal to 1. All other eigenvalues are strictly less than 1 in _¢ 100007700097  0Q090¢
magnitude (Perron-Frobenius theorem [3]) 4 1000074]#0009F 00090¢
A 10008 00084
. . . . . £ 00017¢#00011F 00015
n 0 ' II 11 I I' I 1) 1 11} _9
. 10001 ;¢ 0001 ;#
i 0001 ;¢ 0001 ;4

i 0 0
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LIMITING BEHAVIOR

¥ What happens to " %/ * O+ as n becomes very large?

¥ If the transition matrix is ergodic, doubly stochastic and diagonalizable then " $%/* 0+ (' 73"as O/0  where k is the number of

groups.
| usA | 2 | 2 | 3 [ 4 | 5 [ 6 | 7 | 8 | 9 | 10
00/09 0/87# 001;;¢ Oil:/¢ 0010z 000;1# 000:0¢ 0Q01:¢ 0Q00;¢ 0Q00:¢ 1
B -1 ool 0017:¢ O0)1/;¢ OQ1/5¢ 00110¢  0)058¢ 00075# 000/;¢ 00018t 1 ¥ Stochastic if all rows sum to 1. All
BE oy 0018/# 001:7¢ 0112 001/:¢ 00108 00028  0(0; 00097¢ 0008/ 1 transition matrices are stochastic.
B oiss¢ o//¢ OQ111¢ 0Q100¢ 00113 00052¢  0)100¢  0(0; 5# 000;8:  0)092: 1 ¥ Doubly stochastic if all columns
B o0182¢  0Q05/¢  0010/¢  0(058¢  0Q059¢  00027¢  0010:# 0Q025¢  0J050¢  0)111f 1 also sum to 1. In theory all transition
B o0180¢ 00059 0Q0;2¢  005;¢  0(055¢  0j057¢  0Q050¢  0Q025¢  0Q055¢  O)1/;t 1 matrices are doubly stochastic.
000;:¢ 000;2¢ 00058 00117¢ 0005/t 00028 0005;¢ 0)11:¢ Op11;¢ 0OQ18;¢ 1
B o085¢  0Q098¢  0Q0;:¢  00029¢ 00029  001/7¢  0)110 00171# 001/5¢  0018;¢ 1
BER o018 0Q0/5¢  0Q0:5¢  0002:#  0Q05:¢ O)1/2¢  00182¢  OQl: 00197¢  0)178¢ 1
BT o008 00009 0Q01;¢ 0)082¢ 00075  0010/¢  O)1:7} OQl 00//2¢  00/12 1

1 1 1 1 1 1 1 1 1 1

¥ ," %""3(6& '<($($7$(=/>' is a right eigenvector of P corresponding to the eigenvalue K¢l
CLT100II3/(6& 1. 1 190IM3/(6& 1, 1%!F Y

| ,"'/?' %"3/(6& '<($($7$(:is a left eigenvector of P corresponding to the eigenvalue _#Kil
J7 >0 10II3/(6& ' > 1%I3/(6& 1,77 1%!F/>
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LIMITING BEHAVIOR

¥ What happens to " %/ * O+ as n becomes very large?

¥ If the transition matrix is ergodic, doubly stochastic and diagonalizable then " $%/* 0+ (' 73"as O/0  where k is the number of

groups.
| UsA

00/09¢
2 UEE
3 VA
B o8z
B ois
[ 6 [OELE
00 :
B opss:
B op1s:
0Q008¢

00/874
001: ;¢
001874
001774
0005/%
000594
000; 24
000984
000/5t¢
00009¢

001; ;4
0017:4
001:-74
001114
0010/4
000; 2¢
00058t
000; -#
000:5¢4
0001 ;¢

0)1: /4
0QL/;t
0112
00100¢
0058t
0005
01174
00029¢
0002
00082¢

0010
0Q1/5¢
01/ ;4
0Q11;4
0059
0(055t
005/
00029¢
0005
00075¢

0(0; 1#
0Q110¢
00108t
00052+
000274
00057+
0028t
0Q1/7
001724
0010/¢

00: 0
0058t
00028t
00100¢
0010:¢
0050
005;#
0Q110¢
00182
0QL: 7

0001:4
000754
000; -#
000; 5¢
000254
00025¢
0011:4
00171#
001: ;4
0012:4

000
000/ ;
000974
0(0; 8
0050
0055t
0011 ;4
0Q1/5¢
01974
00/ /2

0000:#
00018t
000874
00092
00111
001/ ;4
0018;#
0018;#
00178t
007124

o+ 2 | 3 ] 4 | 5 | 6 | 7 | 8 | 9 | 10

¥ Diagonalizable if can be written in
the form:
@6ABIA/. 8'

@A = matrix of right eigenvectors of P.
D = diagonal matrix of eigenvalues of P.

@A = inverse of @And matrix of left eigenvectors of
P.

¥ The set of defective (non-diagonalizable) transition matrices has zero Lebesgue measure when considered as a subset of 9/3: 3

¥ Almost every transition matrix we encounter in practice will be diagonalizable.
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LIMITING BEHAVIOR

¥ What happens to ".$%/*0+'as n becomes very large?

¥ If the transition matrix is ergodic, doubly stochastic and diagonalizable then " $%/* O+ (' 73"as 0/0  where k is the number of

nrnNniiNnc
Matrices Raised to the Powerofn= 1
SWEDEN
1 0.1800 0.1230 0.1090 0.1060 0.0960 0.1160 0.0790 0.0880 0.0560 0.0470
2 0.1360 0.1290 0.1240 0.0850 0.1200 0.0940 0.0910 0.0730 0.0730 0.0750
3 0.1190 0.1200 0.1080 0.1120 0.0960 0.0960 0.1020 0.0990 0.0820 0.0660
4 0.1020 0.1120 0.1190 0.0940 0.0900 0.1120 0.0950 0.1080 0.0830 0.0850
ol 5 0.0990 0.1100 0.1060 0.1000 0.0910 0.0990 0.1010 0.1000 0.0950  0.0990 || PAn-A|]=
6 0.0870 0.0930 0.1020 0.1090 0.0950 0.0920 0.0980 0.1150 0.1060 0.1030 0.20552
7 0.0950 0.0890 0.0870 0.0930 0.1050 0.0970 0.1050 0.1070 0.1130 0.1090
8 0.0820 0.0840 0.0820 0.1110 0.1000 0.0950 0.1090 0.1060 0.1190 0.1120
9 0.0620 0.0680 0.0770 0.0910 0.1060 0.1100 0.1170 0.0940 0.1320 0.1430
10 0.0380 0.0720 0.0860 0.0990 0.1010 0.0890 0.1030 0.1100 0.1410 0.1610
USA
1 0.2060 0.2350 0.1770 0.1420 0.1040 0.0710 0.0400 0.0140 0.0070 0.0040
2 0.1410 0.1470 0.1540 0.1270 0.1290 0.1100 0.0930 0.0590 0.0270 0.0130
3 0.1240 0.1320 0.1450 0.1180 0.1240 0.1030 0.0830 0.0740 0.0650 0.0320
4 0.1320 0.1220 0.1110 0.1000 0.1170 0.0980 0.1000 0.0790 0.0730 0.0680
pA1 5 0.1380 0.0920 0.1020 0.0930 0.0960 0.0850 0.1040 0.0890 0.0900 0.1110 || PAR-A||=
6 0.1300 0.0960 0.0780 0.0970 0.0990 0.0950 0.0900 0.0890 0.0990 0.1270 0.47155
7 0.0740 0.0780 0.0930 0.1150 0.0920 0.0830 0.0970 0.1140 0.1170 0.1370
8 0.0390 0.0630 0.0740 0.0860 0.0860 0.1250 0.1100 0.1510 0.1290 0.1370
9 0.0130 0.0290 0.0490 0.0840 0.0940 0.1280 0.1380 0.1470 0.1650 0.1530
10 0.0030 0.0060 0.0170 0.0380 0.0590 0.1020 0.1450 0.1840 0.2280 0.2180
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¥ The adjacent transition matrices are
3. 3%(3:(3
ergodic, doubly stochastic and
diagonalizable.

¥ When we raise the matrices to
successively higher and higher
powers, their elements tend to

" $%/* 0+%Y 73%Y A3

Over a long enough time line,
everyone has an equal chance of
being in any income decile
irrespective of the decile to which
they originally belonged.

13



A MEASURE OF MOBILITY

The quicker a transition matrix converges to equilibrium
the greater the level of income mobility within the associated cohort.

The quicker a transition matrix converges to equilibrium:

1 The sooner every individual has an equal chance of being any given group irrespective of the initial group to
which they were originally assigned.

Il The quicker the initial income advantages or disadvantages held by individuals dissipate.
1 The less ‘sticky’ the relative position of individuals within the income distribution.

Il The quicker the Markov chain defined by the observed transition matrix ‘forgets’ about its initial state.
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WHAAT DETERMINES THE RATE OF CONVERGENCE TO EQUILIBRIUM?

¥ The smaller the magnitude of the second largest eigenvalue .'"9&'.'!&;3$('|,' the quicker the transition matrix will converge to equilibrium.

Diagonalizability n times

" J0NRI<CE/ ( '=/0M%D<CE/.( A=< CE/.( =T\ CE/.( '=HEKi<"C/0%/ (‘s

Ergodicity [a ] |s the matrlx W|th element a;,
all other elemen

WI<GEEE ( F3'GE3F"9%/0"G> GE3F 3'FE 21G?G@GFE 311G3'G> G 9$3/018/{ o MG HE(E (11 11-

1 . . .
The smaller " 9&'. is the quicker
these terms will tend to zero. Recall

(1211 :"9&"N51:"9% "5 a5« "9$ 3
/311 H2N0/0 since || <1

|y 9y SGE IS IGETSCISK " GHEEE ( F 3'GE3F 3"G> GE3F 3'FE G?GQG¥FE 3G3'G> G3'G=5E,"/>'FE" LRl

0'/0 Double Stochasticity

WIBEEE"3/.( 'F'3/.( "GE"3/( 'F"3/( "G> GE"3/( 'F'3/.( "9 IING @SB Beag purs 1O Ay @3/ "GIE
quilibrium transition matrix converges to equilibrium and
therefore the degree of mobility described by the
transition matrix.
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COMPARISONS FOR SWEDEN & USA

¥ What happens to ".$%/*0+'as n becomes very large?

¥ If the transition matrix is ergodic, doubly stochastic and diagonalizable then " $%/* O+ (' 73"as 0/0  where k is the number of
groups.

Matrices Raised to the Powerofn= 1

"IRPOR %3E(FG
[l PAn-A|l=
"9&BHPMY%3EH,|
[l PAn-A|]=
9RPOR"] "IBREPM':
Income mobility is higher in Sweden than in the USA!
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HIGHER DIMENSIONAL MATRICES & BOOTSTRAPPING

¥ Results on previous slide constructed using (3:(3 matrices, i.e. k = 10 groups. As stated earlier, better to use transition matrices with as
many groups as possible. Table below shows the same measures of mobility calculated for k=10, 20, 40 & 50

+b&38)t  0p12;¢ o¢ 80¢ 0Q151¢ o¢ 80¢ 0)158¢ ot 80¢ 0125¢ o¢ 80
cHli 0): 87 1/¢ 90 0): 89 1/¢ 90 0):87¢ 1/ 90 0(: 87¢ 1/¢ 90

Results for kxk transition matrices derived from cohorts in Sweden and USA.

¥ For all values of k investigated same result emerges, ."'Q&PQR'.'J "9& B PM such that income mobility is greater in Sweden than in USA.

¥ Note k cannot be taken arbitrarily large as resulting transition matrices may not be ergodic. One also runs into problems numerically
calculating the eigenvalues of transition matrices when k is very large.

95% Confidence Intervals for Second Largest
Eigenvalues (k = 10)

¥ Also possible to create a 95% confidence interval for "%’ by taking
1.! Taking 5,000 independent samples of 1,000 individuals from each cohort; 00: 0¢

2.! Forming the resultant transition matrices; MAX +
0(80¢
N/ I, 1 I. L ucCL
3.!' Calculating « 9&?QR . and !. 9&$PM, 00/0¢ VIED
4. Collating results and removing the upper and lower 2.5t percentile. LCL
¥ Produces a 9?% confidence mtervalgfor ouP%easure o mozbﬁltypana ogous to 0)10¢ =
confidence interval for ! "produced in elasticity measures. MIN
0000
SWEDEN USA
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SECTION VI

CONCLUSION & BIBLIOGRAPHY

loves
data



CONCLUSION

Il There is a need to derive a summary measure of income mobility from transition matrices, particularly when
elasticity methods are not appropriate.

L1 1. .
11 This measure is provided by calculating the magnitude of the second largest eigenvalue . 9& . IN ,3$('|bf
the transition matrix.

Il This measures how long it takes for the initial income advantages or disadvantages held by individuals dissipate.

,119 I, ,119 I,
Il The closer . & . is to 0 the greater the level of income mobility. The closer . $L . is to 1 the lower the
level of income mobility.

Il The measure is applicable to high dimensional matrices and confidence intervals for the measure can be produced
using bootstrapping techniques.

Il Explained technique in terms of income mobility, but applicable to any form of mobility.
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